Centre-of-mass and internal symmetries in classical relativistic systems by Ben-Ya'acov, Uri
ar
X
iv
:1
00
5.
18
18
v2
  [
ma
th-
ph
]  
1 J
an
 20
11
Submitted to J. Math. Phys.
Centre-of-mass and internal symmetries in classical relativistic systems
Uri Ben-Ya’acov
1
School of Engineering, Kinneret Academic College on the Sea of Galilee,
D.N. Emek Ha’Yarden 15132, Israela)
(Dated: 31 October 2018)
The internal symmetry of composite relativistic systems is discussed. It is demonstrated that Lorentz-Poincare´
symmetry implies the existence of internal moments associated with the Lorentz boost, which are Laplace-
Runge-Lenz (LRL) vectors. The LRL symmetry is thus found to be the internal symmetry universally
associated with the global Lorentz transformations, in much the same way as internal spatial rotations are
associated with global spatial rotations. Two applications are included, for an interacting 2-body system
and for an interaction-free many-body system of particles. The issue of localizability of the relativistic CM
coordinate is also discussed.
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I. INTRODUCTION
Separation of the internal dynamics of composite relativistic systems from their global dynamics is one of the long-
standing yet not fully (or satisfactorily) solved issues in fundamental theoretical physics. Lorentz-Poincare´ symmetry
implies the constancy of the total linear momentum Pµ and total angular momentum Jµν , but not the uniqueness of
the centre-of-mass (CM) coordinate. Thus, various definitions have been suggested for the relativistic CM, based on
different requirements (see, e.g., Refs. 1–3 for early publications on the subject, or Refs. 4 and 5 for recent publications
with an extensive bibliography covering its history).
In non-relativistic systems, the separation of the total dynamics into CM motion and internal dynamics is incorpo-
rated just in splitting the total energy and the total angular momentum into sums of CM-terms and internal terms. In
relativistic systems we know, correspondingly, to isolate the internal energy as the total invariant mass of the system,
and to extract from Jµν its part which is responsible for internal rotations – the spatial internal angular momentum
tensor (see Eq. (5) below).
However, internal symmetry is more than just rotations. It is well known that in 2-body Newtonian Kepler-
Coulomb systems there exists the Laplace-Runge-Lenz (LRL) vector as a constant of the motion. Knowledge of the
LRL vector amounts to having a full solution for the configuration of the system (details of orbit, etc.)6 ; in the
corresponding quantum systems the LRL vector provides a very elegant means for obtaining the full quantum picture
of the system (as in the case of the hydrogen atom)7. Although still regarded by many as corresponding to ’accidental’
or ’hidden’ symmetry, particular only to 1/r potentials, it is known already for a long time that LRL vectors exist
in all rotationally symmetric systems8–12, including various relativistic models as well9,13–21. As in classical Kepler-
Coulomb systems, these LRL vectors may be constructed to be constant22, and they generate, together with the
internal angular momentum, SO(4) or SO(3, 1) symmetry according to the energetical state of the system. It follows,
therefore, that the mere existence of the LRL vectors is a direct and essential consequence of the existence of internal
rotational symmetry, and the SO(4) or SO(3, 1) symmetry thus generated is a natural extension of the rotational
symmetry8–10,22.
Considering composite relativistic systems, since Lorentz-Poincare´ symmetry implies internal rotational symmetry,
the foregoing argument then leads to expect the appearance of LRL vectors in all relativistic systems. In fact, not
only do LRL vectors exist in relativistic systems (and therefore participate in generating the internal symmetry there),
their very origin lies within the relativistic domain : A number of years ago it was discovered by Dahl23,24 that the
Newtonian LRL vector emerges in the computation of the Lorentz boost in the post-Newtonian approximation of
electromagnetic or gravitational 2-body systems. Although it is only the Newtonian LRL vector this an essentially
relativistic result, because it appears in terms of order 1/c2, vanishing in the full non-relativistic limit when the
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2Lorentz boost becomes the Galilei boost. Dahl’s results were recently re-established and extended to other systems,
including fully relativistic non-interacting 2-body systems25 and arbitrary post-Newtonian centrally symmetric 2-body
systems22.
Combining these two characteristics – the existence of LRL vectors for all rotationally symmetric systems together
with their relativistic origin – it is then natural to expect that LRL vectors form an integral part of the internal
relativistic symmetry. Also, since the spatial part of the relativistic CM coordinate is derived from the Lorentz boost,
from which also the LRL vector is derived, it is natural to expect that the LRL vector plays a significant roˆle in the
determination of the relativistic CM. These subjects which so far were regarded as completely distinct – determination
of the relativistic centre-of-mass, relativistic internal symmetry and LRL vectors – appear therefore to form part of
one and the same story.
So far, LRL vectors and the associated symmetry were considered, even in systems with relativistic features, as
extensions of Newtonian systems rather than from the stand-point of full Lorentz-Poincare´ symmetry. The purpose of
the present paper is thus to discuss in detail the internal symmetry in composite Lorentz-Poincare´ symmetric systems,
in a manifestly covariant manner in Minkowski space-time, tracing the appearance of LRL vectors in these systems, all
in association with the issue of determining the CM coordinate and its properties. The paper extends and completes
recent publications on the subject22,25.
The paper is composed in the following of three main parts. First, in Secs. II, III and IV are discussed in generic
terms the appearance of the LRL vectors and their association with the CM coordinate. It is shown that the mere
existence of Lorentz-Poincare´ symmetry implies the existence of LRL vectors, which together with the internal angular
momentum generate the internal symmetry of the system, at least for 2-body systems. The spatial component of
the CM coordinate contains an internal part which is proportional to the LRL vector of the system, and the type of
the symmetry depends only on the energetical state of the system, being SO(4) or SO(3, 1) for bound or unbound
systems, respectively.
The methods developed in the first part are then applied in Secs. V and VI to two particular systems. As an
illustration of the application of these methods, a 2-body system with light-like antisymmetric scalar-vector interaction
is considered in Sec. V. This is a relatively simple model, so chosen to keep the exposition simple and clear. Then,
since the procedure developed in the first part allows the definition of many-body LRL vectors, it is applied in Sec. VI
to non-interacting many-body systems, thereby offering a first step into the generalization of the LRL symmetry also
to interacting many-body systems.
Finally. the implications of the foregoing results for the relativistic CM coordinate, in particular the issue of its
localizability and its association with properties of the LRL vector of the system, are discussed in section VII. Final
discussion and concluding remarks are given in Sec. VIII.
Notation. In the following we consider dynamics described in a Minkowski space-time {xµ}, µ = 0, 1, 2, 3 with
metric tensor gµν = diag(−1, 1, 1, 1). Spatial (3D) vectors are denoted by an arrow. Dot product is A · B = AµBµ.
The unit fully anti-symmetric (Levi-Civita) pseudo-tensor is εµνλρ = −εµνλρ = 1 for (µνλρ) an even permutation
of (0, 1, 2, 3). It is also assumed throughout that c = 1 unless specified otherwise. An orthogonality subscript (⊥)
implies the component of a 4-vector perpendicular to the total linear momentum Pµ.
II. THE CM COORDINATE AND DECOMPOSITION OF THE TOTAL ANGULAR MOMENTUM
We start by discussing the construction of the CM coordinate of general classical (non-quantum) composite rela-
tivistic systems and the decomposition of the total angular momentum into CM-terms and internal terms. We consider
systems of N point particles, with masses ma and moving on the trajectories x
µ = xµa(τa), a = 1, ..., N , τa being the
proper time of the a-th particle.
With constant total linear momentum, the space-time trajectory of the CM coordinate is expected to be a straight
line in the direction of Pµ, and it may always be written as the centroid
Xµ(τ) = Xµo + τ ·
Pµ
M
(1)
where M =
√−PµPµ is the invariant mass of the system, τ is the CM proper-time, both Lorentz scalars, and Xµo is
a constant 4-vector, identified as the spatial CM coordinate. Appropriately fixing the zero of τ , Xµo may be assumed
orthogonal to Pµ without loss of generality, Xo ·P = 0. The properties of τ as an observable were discussed in Refs. 26
and 27; those of Xo are discussed in the present article.
With Lorentz-Poincare´ symmetry, the common view maintains that the CM coordinate and the internal symmetry
of relativistic systems should be deduced from Pµ and Jµν alone, together with the particles’ spins, if the latter
exist1,3–5. For manifestly Lorentz-covariant (observer independent) expressions for the CM coordinate, the colloquial
3choice so far has always been the so called centre-of inertia
XµI ≡ −
JµνPν
M2
(2)
This choice was backed up by the fact that XµI is the unique solution possible for X
µ
o if it is required to be formed
of Pµ and Jµν alone3,4. It ceases, however, to be the solution when dependence on internal observables is taken into
account, as is manifestly discussed in the following.
Once the CM coordinate (Eq. (1)) is assumed to be known, the total angular momentum may always be split into
combination of orbital (CM) and internal parts,
Jµν = XµP ν −XνPµ + jµν = Xµo P ν −XνoPµ + jµν (3)
jµν is the internal angular momentum, relative to the centre-of-mass. From Eq. (3) it follows that it is a constant.
Out of the 6 components of jµν 3 are independent of the CM-coordinate, fully determined by Jµν and Pµ via the
condition
ǫµνλρ (J
µν − jµν)Pλ = 0 (4)
which follows from Eq. (3). These components of jµν constitute the spatial internal angular momentum tensor
ℓµν ≡ ∆µλ∆νρJλρ = −
(
JµνPλ + JλµP ν + JνλPµ
) Pλ
M2
= ∆µλ∆
ν
ρj
λρ (5)
where
∆µν ≡ gµν + P
µP ν
M2
(6)
is the 3-D metric tensor in the spatial part of the CM reference frame. ℓµν is certainly non-zero in the general case.
The remaining 3 components of jµν determine Xµo . It is convenient to define the vector
Qµ ≡ j
µνPν
M2
(7)
which incorporates these components (Q · P = 0, so Qµ contains only 3 degrees of freedom). Inverting Eq. (3), Xµo is
uniquely defined in terms of Pµ, Jµν and Qµ :
Xµo = −
(Jµν − jµν)Pν
M2
= XµI +Q
µ (8)
In the following, we refer as internal to observables that : 1) are invariant under uniform translations ; 2) if not
scalars, all their components are confined to the spatial part of the CM reference frame (the hyperplane perpendicular
to Pµ). Thus, all internal vectors Aµ satisfy A · P = 0, with a corresponding relation for internal tensors.
Qµ and ℓµν are then constant internal quantities. By Eq. (8), Qµ takes the roˆle of a shift or displacement vector,
telling us by how much the spatial part of the CM coordinate is removed from the centre-of-inertia. It is noted that
Qµ cannot be formed out of the Lorentz-Poincare´ global generators Pµ and Jµν alone, because the only internal
quantity that they can form is ℓµν . A non-zero Qµ thus challenges the common view that the relativistic CM should
be constructed of Pµ and Jµν alone3,4. Qµ, if non-zero, is therefore a new constant internal vector.
Expressed in terms of ℓµν and Qµ, jµν becomes
jµν = ℓµν −QµP ν +QνPµ (9)
While ℓµν is responsible for (spatial) rotations relative to the CM reference frame, the remaining part of jµν may be
regarded as the internal moment corresponding to the Lorentz boost. In the following we demonstrate that Qµ does
indeed exist and is non-zero in the general case, being proportional to the LRL vector of the system, and is therefore
responsible (together with ℓµν) for internal symmetries. Combined together via Eq. (9), jµν is then responsible for
the fundamental internal symmetry of the system.
4III. RELATIVISTIC INTERNAL (LAPLACE-RUNGE-LENZ) SYMMETRY
In the present section we discuss the internal symmetry induced by the global Lorentz-Poincare´ symmetry. It
has already been shown in the past8–10,22 that LRL vectors exist in general rotationally symmetric Newtonian-like
systems, which generate together with internal rotations the internal symmetry. The picture will now be completed
by showing that the mere existence of the global Lorentz-Poincare´ symmetry implies the existence of LRL vectors,
which, in the same way, generate the internal symmetry together with internal rotations.
The basis for the generalization of the LRL symmetry to general rotationally symmetric system has been shown22
to be incorporated in two basic propositions. Due to their importance, let us rephrase and prove these propositions
in manifestly Lorentz-covariant terms.
Even in the absence of clear and unique definition of canonical phase-space variables in classical relativistic systems,
still the behaviour of various observables under global transformations of Minkowski space-time determines certain
relations that any plausible definition of Poisson brackets (PB) must satisfy. These alone suffice to determine the
generic properties of the internal Lie-Poisson algebra. Let {A,B} denote the PB of any two observables A and B. If
δG is the generator of an infinitesimal space-time transformation, and δA is the variation of an observable A under
that transformation, then the PB should satisfy the relation
δA = {A, δG} , (10)
together with the standard rules of Lie-Poisson algebras33, namely :
Antisymmetry : {A,B} = −{B,A} (11a)
Jacoby identity : {A, {B, C}}+ {B, {C,A}}+ {C, {A,B}} = 0 (11b)
Product (”Leibnitz”) rule : {A,BC} = {A,B}C + {A, C}B (11c)
In the following the fundamental PB are those of the Lorentz-Poincare´ Lie-Poisson algebra,
{Pµ, P ν} = 0 , {Jµν , Pλ} = gµλP ν − gνλPµ
{Jµν , Jλρ} = gµλJνρ − gνλJµρ − gµρJνλ + gνρJµλ (12)
Besides these relations, no specific canonical structure is assumed. The PB of any other quantity which is constructed
from Pµ and Jµν are easily computed using the product rule (11c) and the derivative rule
{A, f(B)} = {A,B} f ′(B) (13)
which follows from it. The PB of other observables are deduced from their transformation properties. In particular,
all 4-vectors V µ satisfy {
V µ, Jνλ
}
= gµλV ν − gµνV λ (14)
and all internal observables A satisfy {A, Pµ} = 0.
The spatial internal angular momentum tensor ℓµν is defined from Pµ and Jµν via Eq. (5). Dual to it is the vector
(which is proportional to the well-known Pauli-Lubanski vector)
ℓµ ≡ 1
2
ǫµνλρJνλUρ =
1
2
ǫµνλρℓνλUρ (15)
where Uµ = Pµ/M is the unit 4-velocity vector of the CM-frame, with the inverse duality relation
ℓµν = εµνλρℓλUρ (16)
ℓµ is also an internal quantity. The self PB of ℓµν are{
ℓµν , ℓλρ
}
= ∆µρℓλν −∆νλℓµρ +∆νρℓµλ −∆µλℓρν (17a)
with the corresponding ones of ℓµ
{ℓµ, ℓν} = ℓµν (17b)
From the rotational PB (14), it follows that the PB of any internal vector Aµ with ℓµν are{Aµ, ℓνλ} = ∆µλAν −∆µνAλ (18a)
for ℓ in tensor form, or
{ℓµ,Aν} = {Aµ, ℓν} = εµνλρAλUρ (18b)
5for ℓ in vector form, indicative of the fact that ℓµν is the generator of internal rotations in the CM reference frame.
It is clear that the PB (17) and (18) maintain the property of being internal.
Let Kµ be an internal vector observable. K2 = KµKµ and K ·ℓ = Kµℓµ, being internal scalar observables, certainly
satisfy
{
ℓµ,K2
}
= 0 and {ℓµ,K · ℓ} = 0. Then it may be shown that :
proposition 1 The PB {Kµ,Kν} are proportional to ℓµν if and only if {Kµ, ℓ ·K} = 0.
Proof Kµ, being an internal vector, satisfies K ·P = 0 and {Kµ, P ν} = 0. Then, by the basic PB rules (11) it follows
that the self PB {Kµ,Kν} constitute an internal tensor. Being anti-symmetric, these PB may always be written as
{Kµ,Kν} = εµνλρΛλUρ with Λµ some internal vector. Therefore, applying Eq. (18b) for Kµ, it follows that
{Kµ, ℓ ·K} = {Kµ, ℓν}Kν + {Kµ,Kν} ℓν = {Kµ,Kν} ℓν = εµνλρℓνΛλUρ (19)
Since both ℓµ and Λµ are internal vectors, it follows from Eq. (19) that {Kµ, ℓ ·K} vanishes iff ℓµ and Λµ are parallel.
Thus, using the duality relation (16), follows the proposition. QED
In 2-body systems any constant internal scalar observable must be a function only of the total mass M and of
ℓ2 ≡ ℓµℓµ = ℓµνℓµν/2. Let Kµ be an internal vector with constant squared magnitude K2. Then necessarily K2 must
be a function of M and ℓ2, say K2 = F
(
M, ℓ2
)
. For more general systems, constant internal scalar observables need
not be functionally dependent on M and ℓ2 only. Still we may consider those vectors Kµ for which the product ℓ ·K
is K-invariant, {Kµ, ℓ ·K} = 0, and their magnitude K2 is some function K2 = F (M, ℓ2,A) where A stands for any
internal scalar observable which is K-invariant, in the sense that {Kµ,A} = 0. Then we have
proposition 2 Let Kµ be an internal vector such that :
1. The product ℓ ·K is K-invariant
2. K2 = F (M, ℓ2,A)
Then the self PB of Kµ satisfy
{Kµ,Kν} = −∂
[
K2(ℓ2)
]
∂(ℓ2)
ℓµν (20)
Proof From Eq. (18b) it also follows that{
Kµ, ℓ2
}
= 2 {Kµ, ℓν} ℓν = 2εµνλρℓνKλUρ = −2ℓµνKν
Let {Kµ,Kν} = α · ℓµν . Then {
Kµ,K2
}
= 2 {Kµ,Kν}Kν = 2α · ℓµνKν
Combining the last two relations thus yields{
Kµ,K2
}
+ α · {Kµ, ℓ2} = 0
from which follows, using the derivative rule (13), Eq. (20). QED
Any vector that satisfies the conditions of these propositions may be regarded as a relativistic LRL vector. In
2-body systems there are 6 internal degrees of freedom. 4 of them are contained in the total relativistic mass M and
the internal angular momentum ℓµν . The other 2 must be contained in a LRL vector, because it is always possible to
construct a constant vector in the plane of motion22 (the plane defined by ℓµν), and any constant scalar can only be
a function of M and ℓ2.
It follows, therefore, that the shift vector Qµ must – necessarily – be a LRL vector which generates, together with
ℓµν , the internal symmetry of the system. This internal symmetry is governed by the PB (17), (18) and (20). With
jµν being expressed in terms of ℓµν and Qµ via Eq. (9) it follows that jµν is the responsible for the fundamental
internal symmetry of the system.
As is discussed in detail in Ref. 22, the nature of the symmetry is determined by Eq. (20). For any particular
system the value of
η ≡ −sign
[
∂
(
K2
)
∂(ℓ2)
]
(21)
6is the same for all LRL vectors, depending on the energetic state of the system : η = +1 or −1 for bound or unbound
systems, respectively. The internal symmetry generated by jµν is then, respectively, SO(4) or SO(3, 1), for bound or
unbound systems. The transformations generated by the LRL vector change, for a given value of the total energy, the
internal angular momentum, thus changing the internal configuration of the system – how the particles move relative
to the centre-of-mass – taking the system from one orbit to another, with the same energy. Explicit knowledge of the
LRL vector may be used, as it does for classical (Newtonian) systems, to provide a full solution for the configuration
of the system.
Finally, we have shown that Qµ is a LRL vector for 2-body systems. The process of CM integration may be
performed with any number of particles, and it is indeed shown in the following (section VI) that Qµ is a LRL vector
for free many-body systems. The same has already been shown for post-Newtonian many-body systems28. We may
then conjecture that Qµ is a LRL vector for arbitrarily large, composite relativistic systems with arbitrary internal
interactions.
IV. RELATIVISTIC INTEGRATION OF THE CENTRE-OF-MASS
In the present Section we bring together the results of Secs. II and III, providing an explicit procedure for the
computation of the shift vector Qµ and pointing at its relation with the LRL vector.
In principle, the single particle trajectories may be parameterized each by a different time-like parameter, but for
a common evolution picture a common parameter is required. Let σ be such a common evolution parameter. Then
the single-particle trajectories are xµ = xµa(σ). Derivatives relative to σ are denoted in the following by an overdot,
so that the particles’ generalized velocities are x˙µ = dxµ/dσ.
Since Xµo = X
ν∆µν is constant, its determining equation may be put in the form
dXν
dσ
∆µν = 0 (22)
The Lorentz-covariant generalization of the Newtonian CM, the 4-vector
XµN ≡
∑
amax
µ
a
Mo
(23)
(with Mo =
∑
ama as the Newtonian total mass) does not satisfy Eq. (22); however, its corresponding derivative,
dXνN
dσ
∆µν =
∑
amav
µ
a
Mo
6= 0 , (24)
(vµa ≡ x˙ν∆µν is the a-th particle’s spatial velocity relative to the CM frame) vanishes in the non-relativistic limit
(va/c → 0). Therefore, the time-varying part of XνN∆µν is purely relativistic. In fact, in the non-relativistic limit
XνN∆
µ
ν −XµI → 0. Moreover, whatever the vector Xµo may be, its behaviour under uniform translations xµ → xµ+ aµ
must always be
Xµo → Xµo + aµ +
P · a
M2
Pµ , (25)
exactly like that of XνN∆
µ
ν , so the difference X
ν
N∆
µ
ν −Xµo is an internal vector. Therefore, in order to determine Xµo ,
we look for an internal 4-vector Rµ which satisfies
dRµ
dσ
=
dXνN
dσ
∆µν (26)
and vanishes in the non-relativistic limit, so that Xµo is given by
Xµo = X
ν
N∆
µ
ν −Rµ (27)
The centre-of-inertia (2), being a solution of Eq. (22), provides, via Eq. (27), an immediate solution of Eq. (26) in
the form
Rµ1 = X
ν
N∆
µ
ν −XµI (28)
If Rµ1 was the only possible solution to Eq. (26), then X
µ
o must be equal to X
µ
I and Q
µ must vanish. This, however,
is not the case. Non-trivial solutions, independent of Rµ1 , are possible, with corresponding non-zero shift vector Q
µ :
Qµ = Rµ1 −Rµ (29)
7The process of solving Eq. (26) for the non-trivial solution, identifying the shift vector (29) and constructing
consequently the spatial CM component Xµo via Eq. (8), is referred to in the following as integration of the relativistic
centre-of-mass. The main property of the process, namely that the time-varying part of the Newtonian CM for
relativistic systems is purely relativistic, vanishing in the limit c→∞, was first used by Dahl23 to compute ~XN in the
post-Newtonian approximation of a 2-particle system interacting electromagnetically or gravitationally. He showed,
via integration of an equation like Eq. (26), that ~XN results in a time-varying vector which is of order 1/c
2 plus a
constant of integration ~Xo. The surprising result was that the constant ~Xo was not equal to ~XI, the centre-of-inertia,
but rather the difference ~Xo − ~XI (now identified as the shift vector ~Q) was found to be proportional to the LRL
vector of the corresponding Newtonian system.
As a brief illustration of this procedure, let us recall, in an adapted way, Dahl’s computation. Consider a 2-
particle system with masses m1,m2, possible electrical charges e1, e2, described in the CM reference frame with
post-Newtonian EM/gravitational interaction30. With ~r the relative coordinate, ~v = ~˙r the relative velocity and µ the
Newtonian reduced mass, then in the post-Newtonian approximation Eq. (26) becomes
d~R
dt
=
(m1 −m2)
2M2o c
2
[(
µv2 +
κ
r
)
~v +
κ (~v · ~r)
r3
~r
]
(30)
(κ = e1e2 or κ = −Gm1m2 for the electrical or gravitational case, respectively; in the CM frame Ro = 0 hence only
the spatial part is relevant). Using the Newtonian equations of motion (which are sufficient since the required overall
accuracy is O(1/c2))
µ
d~v
dt
=
κ~r
r3
(31)
the square brackets in the rhs of Eq. (30) may be expressed as a total time derivative in either of two ways
(
µv2 +
κ
r
)
~v +
κ (~v · ~r)
r3
~r =
d
dt
[µ (~v · ~r)~v] = d
dt
[(
µv2 +
κ
r
)
~r
]
(32)
The post-Newtonian trivial solution, associated with the centre-of-inertia via Eq. (28), is
~R1 = ~XN − ~XI = m1 −m2
2M2o c
2
(
µv2 +
κ
r
)
~r (33)
It corresponds to the total derivative in rhs of Eq. (32). The other integral of Eqs. (30) and (32) combined identifies
the non-trivial solution
~R2 =
m1 −m2
2M2o c
2
µ (~v · ~r)~v (34)
The CM-displacement vector ~Q (29)
~Q = ~R1 − ~R2 = m1 −m2
2M2o c
2
[(
µv2 +
κ
r
)
~r − µ (~v · ~r)~v
]
(35)
is clearly recognized as being proportional to the LRL vector of the corresponding Newtonian system,
~K =
(
µv2 +
κ
r
)
~r − µ (~v · ~r)~v = ~v × ~ℓ+ κ
r
~r , (36)
~ℓ = µ~r × ~v being the internal angular momentum vector. This is, in essence, Dahl’s result23.
The existence of two independent solutions to Eq. (26) was repeatedly verified, in an analogous manner, for a pair of
fully relativistic non-interacting particles25; in the post-Newtonian approximation of electromagnetic or gravitational
many-body systems28; and for the post-Newtonian extensions of general centrally symmetric 2-body systems22. Dahl’s
results and the cited computations were all performed in the CM reference frame, but this is only a matter of
convenience and simplicity – it may be explicitly shown that these results are valid in any reference frame, relative
to any time-like evolution parameter, as is indeed the case in the two fully relativistic examples discussed in the
following. And in all these systems the difference between the two independent solutions, which defines the boost’s
internal moment, is proportional to a LRL vector with a proportionality coefficient of the order of 1/c2. It follows,
therefore, that this is a generic property in relativistic systems.
8V. CM INTEGRATION FOR A TWO-BODY SYSTEM WITH SPECIAL SCALAR-VECTOR INTERACTION
In the present Section we demonstrate the CM integration for a fully relativistic system with interaction. For
simplicity and clarity of the exposition, a relatively simple system, a 2-body system with light-like antisymmetric
interaction, is chosen : Events coupled by the interaction satisfy the light-cone condition (x1 − x2)2 = 0, so that the
interaction is retarded for one of the particles and advanced for the other. In this way, any event on one particle’s
trajectory is coupled, via the interaction, to a unique event on the other particle’s trajectory, and a canonical structure
is possible. Also, it is assumed that the interaction is a combination of vector (EM-like) and scalar interactions whose
coupling constants are equal up to a sign. Defining the common coordinates
xµ ≡ xµ1 − xµ2 ,
zµ ≡ x
µ
1 + x
µ
2
2
+
m21 −m22
2M2
(
xµ + 2
P · x
M2
Pµ
)
, (37)
such a system was discussed by Duviryak17 who showed that, with the total momentum Pµ canonically conjugate to
zµ and qµ canonically conjugate to xµ, the dynamics of the system is determined by the first-class constraint
φ (z, P, x, q) = q2 − 2(P · q) (q · x)
P · x −
2g
(
M2
)
P · x − b
(
M2
) ≈ 0 (38)
Here
b
(
M2
) ≡ M4 − 2M2
(
m21 +m
2
2
)
+
(
m21 −m22
)2
4M2
=
=
(
M2 −M2o
) [
M2 − (m1 −m2)2
]
4M2
(39)
and
g
(
M2
) ≡ χκ
2
[
M2 − (m1 − αm2)2
]
(40)
where Mo = m1 + m2, χ ≡ sign (x˙1 · x) = sign (x˙2 · x), κ the vector coupling constant and κ′ = ακ = ±κ the
scalar coupling constant. Assuming a general evolution parameter σ, there exists some coefficient λ (not necessarily
constant) so that for any observable A (z, P, x, q) its σ-evolution equation is
d
dσ
A (z, P, x, q) =
λ
2
{A, φ} (41)
with {., .} being the canonical Poisson brackets over the 16D phase-space {(z, P, x, q)}.
The internal momentum of the system is
Πµ ≡ qµ − P · q
P · xx
µ (42)
This is indeed an internal vector, as verified by Π · P = 0 and {Πµ, P ν} = 0. Its evolution equation is
dΠµ
dσ
= −λM2 g
(
M2
)
(P · x)3 x
µ
⊥ (43)
With Πµ the constraint (38) is simplified to
φ = Π2 − 2g
(
M2
)
P · x − b
(
M2
) ≈ 0 (44)
xµ⊥ and Π
µ form an internal canonical pair, as verified by the equation
dxµ⊥
dσ
=
λ
2
∂φ
∂qν
∆µν = λΠµ (45)
and the fact that x2⊥ = (P · x)2 /M2. In particular, the internal angular momentum ℓµν is very conveniently expressed
in terms of xµ⊥ and Π
µ as
ℓµν = ∆µλ∆
ν
ρJ
λρ = xµ⊥Π
ν − xν⊥Πµ (46)
9where
Jµν = zµP ν − zνPµ + xµqν − xνqµ (47)
is the conserved total angular momentum. Also, the centre-of-inertia is found to be
XµI = −
JµνPν
M2
= zµ⊥ +
P · x
M2
Πµ (48)
Expressing the Newtonian CM in terms of the canonical variables,
XµN =
m1x
µ
1 +m2x
µ
2
Mo
=
= zµ +
m21 −m22
2
[(
1
M2o
− 1
M2
)
xµ − 2P · x
M4
Pµ
]
, (49)
the CM integration equation (26) becomes
dRµ
dσ
= z˙µ⊥ +
m21 −m22
2
(
1
M2o
− 1
M2
)
x˙µ⊥ (50)
zµ⊥ is not an internal vector. To insure that R
µ is an internal vector, we use the constancy of XµI and obtain from
Eq. (48)
z˙µ⊥ = −
d
dσ
(
P · x
M2
Πµ
)
so that the equation for Rµ now becomes
dRµ
dσ
=
m21 −m22
2
(
1
M2o
− 1
M2
)
x˙µ⊥ −
d
dσ
(
P · x
M2
Πµ
)
(51)
An immediate solution is, of course,
Rµ =
m21 −m22
2
(
1
M2o
− 1
M2
)
xµ⊥ −
P · x
M2
Πµ (52)
which is easily recognized as the trivial solution Rµ1 = X
ν
N∆
µ
ν −XµI . To obtain the non-trivial solution it is convenient
to transform Eq. (51), using the constraint equation (44), into
dRµ
dσ
=
m21 −m22
2M2oM
2
(
M2 −M2o
)
x˙µ⊥ −
d
dσ
(
P · x
M2
Πµ
)
=
=
2 (m1 −m2) b
(
M2
)
Mo
[
M2 − (m1 −m2)2
] x˙µ⊥ − ddσ
(
P · x
M2
Πµ
)
=
=
2 (m1 −m2)
Mo
[
M2 − (m1 −m2)2
]
[
Π2x˙µ⊥ −
2g
(
M2
)
P · x x˙
µ
⊥
]
− d
dσ
(
P · x
M2
Πµ
)
(53)
With the help of equations (43) and (45) and the relation (P · x)2 = M2x2⊥, the expression within the square brackets
is then converted into a total derivative,
Π2x˙µ⊥ −
2g
(
M2
)
P · x x˙
µ
⊥ = (Π · x˙⊥)Πµ −
2g
(
M2
)
P · x x˙
µ
⊥ =
=
d
dσ
[
(Π · x⊥)Πµ −
g
(
M2
)
P · x x
µ
⊥
]
(54)
Thus we are able to identify the second, non-trivial, solution of Eq. (51) as
Rµ2 =
2 (m1 −m2)
Mo
[
M2 − (m1 −m2)2
]
[
(Π · x⊥) Πµ −
g
(
M2
)
P · x x
µ
⊥
]
− P · x
M2
Πµ (55)
10
To compute the CM-displacement vector Qµ, it is convenient to transform the trivial solution Eq. (52), using the
constraint equation (44), in a way similar to Eq. (53),
Rµ1 =
m21 −m22
2M2oM
2
(
M2 −M2o
)
xµ⊥ −
P · x
M2
Πµ =
=
2 (m1 −m2) b
(
M2
)
Mo
[
M2 − (m1 −m2)2
]xµ⊥ − P · xM2 Πµ =
=
2 (m1 −m2)
Mo
[
M2 − (m1 −m2)2
]
[
Π2xµ⊥ −
2g
(
M2
)
P · x x
µ
⊥
]
− P · x
M2
Πµ (56)
Then we obtain
Qµ = Rµ1 −Rµ2=
2 (m1 −m2)
Mo
[
M2 − (m1 −m2)2
]
[
Π2xµ⊥ − (Π · x⊥)Πµ −
g
(
M2
)
P · x x
µ
⊥
]
=
=
2 (m1 −m2)
Mo
[
M2 − (m1 −m2)2
]Kµ (57)
where
Kµ ≡ Πνℓµν −
g
(
M2
)
P · x x
µ
⊥ = Π
2xµ⊥ − (Π · x⊥)Πµ −
g
(
M2
)
P · x x
µ
⊥ (58)
is the LRL vector of the system17.
The self Poisson brackets of Kµ may be computed directly using the canonicity of xµ⊥ and Π
µ, but this effort may
be saved with the help of the LRL symmetry property (20), using
K2 = b
(
M2
)
ℓ2 +
g2
(
M2
)
M2
(59)
Then
{Kµ,Kν} = −∂
(
K2
)
∂ (ℓ2)
ℓµν = −b (M2) ℓµν (60)
The sign of b (M), which is the same as sign (M −Mo), determines the boundness index η (Eq. (21)) and thus the
type of the symmetry. It is straight-forward to check that the PB in post-Newtonian systems (Eq.(76) of Ref. 22)
is the corresponding limit of Eq. (60). A remarkable feature of Eq. (60) is its independence on any detail of the
interaction, suggesting that it is universal, valid for all 2-body systems.
Finally, we notice that since xµ⊥ is the spatial interparticle vector ~r in the CM frame, the LRL vector (58) is of
the same structure as the Newtonian LRL vector (36). The similarity implies, in particular, that the orbits are fixed
conic sections. This simplicity is due to the equality (up to sign) of the coupling constants of the scalar and vector
interactions. To elucidate this aspect, a simplified version of this system – a particle in a Coulomb field modified by
a scalar field – is discussed in Appendix A.
VI. CENTRE-OF-MASS INTEGRATION FOR NON-INTERACTING FULLY RELATIVISTIC MANY-BODY SYSTEM
A main argument that follows from the discussion so far in the present work is that LRL vectors are derived from
the Lorentz boost. Although the LRL symmetry is known so far to be found only in 2-body systems, the fact that any
composite system is endowed with a Lorentz boost strongly suggests that such systems could also be endowed with
LRL symmetry. This possibility has already been explored in the post-Newtonian approximation28. In the present
Section we compute the internal moment of the Lorentz boost (or, what’s equivalent, the shift vector Qµ) for a fully
relativistic, non-interacting many-body system and demonstrate that it is indeed a LRL vector. This may serve as a
starting point for establishing the relativistic LRL symmetry in general many-body systems in the future.
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Consider a system of free, non-interacting N point particles with masses ma, moving on straight-line trajectories
xµa(τa) with constant unit velocities u
µ
a and τa being the proper time of the a-th particle. The total linear and angular
momenta are
Pµ =
∑
a
pµa J
µν =
∑
a
(xµap
ν
a − xνapµa) (61)
with the single particles’ linear momenta pµa = mau
µ
a . A generalized Lorentz factor is defined by
γa ≡
(
dτa
dσ
)−1
=
1√−x˙2a , (62)
allowing us to write the particles’ generalized velocities as
x˙µ = γ−1a u
µ
a (63)
Let Ea = −pa · U be the single particle energy in the CM-frame. It is convenient to introduce the notations
ξµa ≡ ∆µνxνa = xµa +
(xa · P )
M2
Pµ (64)
for the single particle spatial coordinate in the CM reference frame, and
qµa ≡ ∆µνpνa = pµa − EaUµ (65)
for the spatial component, in the CM reference frame, of the single particle momentum, satisfying the CM-constraint∑
a
qµa = 0 (66)
The single particle energies in the CM frame then become Ea =
√
m2a + q
2
a and the internal angular momentum is
ℓµν =
∑
a (ξ
µ
a q
ν
a − ξνaqµa ).
Substituting Pµ and Jµν from Eq. (61), the centre-of-inertia (2) is
XµI = −
JµνPν
M2
=
∑
a
[
Ea
M
xµa +
(xa · P )
M2
pµa
]
=
∑
a
[
Ea
M
ξµa +
(xa · P )
M2
qµa
]
(67)
with the trivial solution to Eq. (26)
Rµ1 =
∑
amaξ
µ
a
Mo
−XµI =
∑
a
(
ma
Mo
− Ea
M
)
ξµa −
∑
a
(xa · P )
M2
qµa (68)
With the relation (63), the fundamental equation of the relativistic CM integration, Eq. (26), becomes
dRµ
dσ
=
∑
amaξ˙
µ
a
Mo
=
∑
a γ
−1
a q
µ
a
Mo
(69)
Using the fact that the lorentz factor also satisfies γ−1a = −ua · x˙a, and since the particles’ unit velocities {uµa} and
all the qµa are constant in the absence of interactions, it can be shown (see Appendix B for details) that a non-trivial
solution is possible only if there exists a vector Gµ, composed of the particles’ unit velocities, that satisfies∑
a
γ−1a q
µ
a =
∑
a
(G · x˙a) qµa (70)
so that
Rµ2 =
1
Mo
∑
a
(G · xa) qµa (71)
Since Eq. (70) is linear in the particles’ velocities x˙µa , and these velocities are functionally independent because the
particles’ trajectories are independent, it is satisfied, again applying Eq. (63), only if
G · ua = 1 ∀a (72)
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Writing Gµ as the linear combination Gµ =
∑
a αau
µ
a with constant coefficients αa, these coefficients are uniquely
determined by the linear system ∑
b
(ua · ub)αb = 1 ∀a
thus verifying that Gµ is uniquely determined by Eq. (72).
The non-trivial solution (71) contains both spatial and time-like parts of the particles’ coordinates xµa in one term.
To separate them, in analogy with Rµ1 in Eq. (68), we notice first that multiplying the a-th equation in (72) by ma
and summing them all yields
G · P = Mo (73)
Separating from Gµ its CM-spatial part,
Gµ = Gµ⊥ −
G · P
M2
Pµ = Gµ⊥ −
Mo
M2
Pµ , (74)
the non-trivial solution (71) becomes
Rµ2 =
1
Mo
∑
a
(G⊥ · ξa) qµa −
∑
a
xa · P
M2
qµa (75)
The trivial solution Rµ1 (68) may also be expressed in terms of the vector G
µ. The coefficients of ξµa may be
expressed in terms of Gµ⊥ via the relations
G⊥ · qa
Mo
=
G⊥ · pa
Mo
=
G · pa
Mo
+
P · pa
M2
=
ma
Mo
− Ea
M
(76)
so that Rµ1 becomes
Rµ1 =
1
Mo
∑
a
(G⊥ · qa) ξµa −
∑
a
xa · P
M2
qµa (77)
Combining Eqs. (77) and (75) for the computation of the shift vector Qµ, the terms containing the time-like part of
the particles’ coordinates cancel each other and we obtain
Qµ = Rµ1 −Rµ2 =
1
Mo
∑
a
[(G⊥ · qa) ξµa − (G⊥ · ξa) qµa ] =
=
1
Mo
G⊥ν
∑
a
(qνaξ
µ
a − ξνaqµa ) =
Gνℓ
µν
Mo
(78)
Qµ is indeed a generalized LRL vector. For a 2-body system let qµ ≡ qµ1 = −qµ2 . Then Gµ⊥ is easily found as
Gµ⊥ =
2 (m1 −m2)
M2 − (m1 −m2)2
qµ (79)
so that Qµ is proportional to qνℓ
µν , a more familiar form of the interaction-free 2-body LRL vector. For a many-body
system the vector (78) satisfies Qµℓµ = 0, and its self PB are found, taking into account that {Gµ, Gν} = 0, by direct
computation,
{Qµ, Qν} = 1
M2o
{
Gλℓ
µλ, Gρℓ
νρ
}
= −G
2
⊥
M2o
ℓµν (80)
On the other hand, using the identity ℓµλℓνλ = ℓ
2∆µν − ℓµℓν it follows that Q2 =
[
G2⊥ℓ
2 − (G · ℓ)2
]
/M2o . From
{Gµ, Gν} = 0 it follows that {Qµ, G · ℓ} = 0. Thus with A = G · ℓ, Qµ satisfies the conditions of proposition 2 and
the self PB (80) are verified by Eq. (20). This completes the proof that Qµ is indeed (proportional to) a LRL vector,
and the many-body system enjoys LRL symmetry.
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VII. THE SHIFT VECTOR AND CM LOCALIZABILITY
With jµν being decomposed as in Eq. (9), the vector Qµ may also be regarded as generating the internal Lorentz
boost relative to the CM reference frame. The possibility of splitting Jµν , as in Eq. (3), was appreciated, at least
in principle, from the early days of the search for the relativistic CM29, with various propositions for what should
be, in the notation of the present article, the vector Qµ1,3. So far in the literature an internal moment is associated
with the Lorentz boost only if internal spin is assumed to exist as an independent entity, in which case the moment
depends on the spin. Here, for the first time, the association of the internal Lorentz boost with the LRL vector was
demonstrated and established.
The preceding analysis distinguished the vectors Rµ1 and R
µ
2 as solutions of Eq. (26). Although, as integrals, the
solutions of Eq. (26) are defined up to an arbitrary additive constant, these particular solutions have characteristics
that distinguish them from arbitrary integrals : Eq. (32) shows explicitly that Eq. (26) leads to two specific solutions,
one which is proportional to the relative coordinates and another which is proportional to the relative velocities
or momenta. The first one was identified as the vector Rµ1 defined in Eq. (28), while the other was referred to as
the non-trivial solution Rµ2 . This characteristic behaviour may be verified for R1 in equations (33), (52) and (68),
with the leading term being proportional to ~r, xµ⊥ and ξ
µ
a respectively, and for R2 in equations (34), (55), and (75),
with the leading term being proportional to ~v, Πµ and qµa respectively. This is also the case in systems discussed
elsewhere22,25,28.
These two characteristic solutions define the characteristic shift vector Qµ = Rµ1 − Rµ2 , which in turn defines the
internal moment of the Lorentz boost relative to the CM frame. A remarkable feature of this Qµ is its being exactly
proportional to the LRL vector of the system, thus pointing (in 2-body systems) in the direction of closest approach
(generalized perihelion). This has been verified for various systems, both in the present paper (Eqs. (35) and (57))
and elsewhere22. The proportionality of Qµ to the LRL vector Kµ is a very interesting aspect of the Lorentz boost,
because Qµ could be Qµ = α(M, ℓ2)Kµ + β(M, ℓ2)ℓµνK
ν with arbitrary coefficients α(M, ℓ2) and β(M, ℓ2) and still
maintain the same internal symmetry. The reason for this particular proportionality is not clear yet.
The existence of more than one independent solution to Eq. (26) also adds new insight into the long-standing issue
of the localizability of the relativistic CM coordinate. With the two special independent solutions Rµ1 and R
µ
2 the CM
coordinate may be either the inertia centroid (Eqs. (1) and (2), combined)
Xµ1 (τ) = −
JµνPν
M2
+
Pµ
M
· τ (81)
or removed from it by the shift vector Qµ,
Xµ2 (τ) = −
JµνPν
M2
+Qµ +
Pµ
M
· τ (82)
Consequently, the CM coordinate cannot, in principle, be uniquely defined in a point-like manner, with Qµ providing
a measure of its non-uniqueness.
Qµ is directed towards a point of closest approach. For unbound systems (collisions) there is just one such point,
so that Qµ, in this sense, is unique. For general bound systems there is an infinite number of directions of closest
approach, with corresponding infinite possible directions for Qµ. Thus we should consider a ’centre-of-mass’ domain
relative to the centre-of-inertia, which is linear in the case of unique direction of closest approach, or circular in the
case of multiple directions of closest approach.
This non-uniqueness of the relativistic CM and its dependence on Qµ may be understood in the following way25.
The Newtonian CM coordinate ~XN depends only on the particles’ coordinates and masses. Thus, any value may
be attached to it regardless the actual configuration in which the system is, and this value may remain unchanged
even when the configuration (namely, internal energy and/or angular momentum) changes. On the other hand,
the relativistic centre-of-inertia depends on the system’s configuration via the particles’ energies, and is therefore
sensitive to any changes in the configuration which are generated by the boost’s internal moment. The uniqueness
of the Newtonian CM may therefore be regarded as reflecting its independence on the system’s configuration, with
the opposite case for the relativistic CM. The only exception is the case of equal masses, in which the centre-of-mass
must be midway between the two particles regardless of their configuration, and indeed, as is evident from Eqs. (35),
(57) and (79), Qµ vanishes in this case.
In Lie-Poisson algebraic terms, in analogy with quantum mechanics, localizability is synonym with requiring the
relativistic CM coordinate to be canonical, with vanishing self PB. Assuming the fundamental PB {Xµ, P ν} = gµν ,
it is not difficult to show that the self PB of the CM coordinates satisfy
∆µλ∆
ν
ρ
{
Xλ, Xρ
}
= {Qµ, Qν}+ ℓ
µν
M2
(83)
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The vanishing of the rhs, implying the self PB of the shift vector Qµ being
{Qµ, Qν} = − ℓ
µν
M2
(84)
is therefore a necessary condition for Xµ being localizable. However, combining Eqs. (57) and (60), the self PB of Qµ
there is
{Qµ, Qν} = − 4 (m1 −m2)
2 b (M)
M2o
[
M2 − (m1 −m2)2
]2 ℓµν (85)
and it is easily verified that the same result (in the appropriate limit) is also obtained for post-Newtonian systems.
Moreover, the PB (84) imply the boundness index (Eq. (21)) η = −1 which consequently implies that the system is
necessarily unbound. Thus, even if we tried to scale Qµ to Q′µ = α (Rµ1 −Rµ2 ) with α some appropriately chosen
coefficient so that Q′µ satisfies Eq. (84), that could be possible only for unbound systems since b
(
M2
) ∝ M −Mo.
In the general case, therefore, Xµ is not expected to be canonical, thus localizable.
This situation is somewhat similar to the one encountered with spinning point particles, even at the classical
(non-quantum) level. It is well-known31,32 that such particles, endowed with conserved linear momentum pµ and
angular momentum Jµν , and identifying the relativistic spin tensor as sµν = Jµν −xµpν +xνpµ and the bare mass as
m =
√−pµpµ, don’t move on the inertia centroid (as in Eq. (81)) but rather rotate around it, thus exhibiting a helical
motion in Minkowski space-time. The rotation is encapsulated in the uniformly rotating shift vector qµ, defined in
complete analogy with Eq. (7) as qµ ≡ sµνpν/m2. The difference between the two situations is that for spinning
point particles the spin condition sµν x˙ν = 0 is assumed, with the effect of allowing only helical orbits and limiting the
number of independent spin components to three only, while in the preceding analysis of composite systems there is
no such condition on the internal angular momentum jµν (allowed to have 6 independent components), and the CM
coordinate moves on the centroid (82), shifted from the inertia centroid by the constant vector Qµ.
VIII. CONCLUDING REMARKS
We have demonstrated, as the main subject of the present article, that Lorentz-Poincare´ symmetry implies not only
internal rotational symmetry but also the existence of LRL symmetry in composite relativistic systems. Together,
the internal rotational symmetry and the LRL symmetry form the fundamental internal symmetry of all relativistic
systems.
The association of the LRL vector with the internal Lorentz boost finds its significance in the symmetries that these
objects generate : The (global) Lorentz boost changes the state of motion – the way particles move – relative to the
(external) reference frame. In a similar way, the internal boost changes the state of motion – the internal configuration
– relative to the centre-of-mass. Spatial rotations and the Lorentz boost form together the generalized rotations in
Minkowski space-time. Thus, the internal boost is related to the global Lorentz boost in much the same way as
internal rotations are related to the global rotations. It is no surprise, therefore, that the boost’s internal moment is
identified with the LRL symmetry, because classically it is the LRL vector that generates the transformations that
change the internal configuration of the system22.
To put it differently, the LRL symmetry is the internal aspect generically associated with the (global) Lorentz
transformations, in the same way that the internal, spatial rotations are the internal aspect of the global rotations
(the latter being defined relative to a fixed frame of reference); and the rotational and LRL symmetries are attached
together internally in the same way that global rotations and Lorentz transformations form together the generalized
rotations in Minkowski space-time. These relations are illustrated in the following diagram22 :
rotations +
change of
configuration
Global space-time symmetry :
global
rotations
+
Lorentz
transformations
l l
Internal symmetry :
internal
rotations
+ LRL
The LRL symmetry is therefore geometrical in nature, as the LRL vector is associated with the internal moment
(relative to the centre-of-mass) corresponding to the Lorentz boost. LRL vectors and LRL symmetry are therefore
universal, characteristic of all relativistic systems.
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In conclusion, Lorentz-Poincare´ symmetry demands the extended internal symmetry, manifested via the corre-
sponding internal moments and closely associated with the determination of the relativistic centre-of-mass, providing
us with new tools for the investigation of the internal dynamics of relativistic systems. As a consequence, the CM
coordinate of composite relativistic systems should be explicitly constructed not only of the global quantities Pµ and
Jµν , but also of the LRL internal dynamics of the system.
Appendix A: The relativistic scalar-Coulomb case with infinite central mass
It was noted at the end of section V that the LRL vector (58) is of the same structure as the Newtonian LRL vector
(36). This simplicity is due to the equality (up to sign) of the coupling constants of the scalar and vector interactions.
To elucidate this aspect, let us consider a relativistic particle with variable mass
µ2(r) = m2 +
κ′2
r2
(A1)
in a Coulomb field with fixed centre (infinite central mass), with the Hamiltonian
H =
√
p2 +m2 +
κ′2
r2
+
κ
r
(A2)
in the CM frame. In a configuration with given energy H = E and internal angular momentum ~ℓ = ~r × ~p, we isolate
the squared momentum as
p2 = p2r +
ℓ2
r2
=
(
E − κ
r
)2
−m2 − κ
′2
r2
= E2 −m2 − 2κE
r
− κ
′2 − κ2
r2
(A3)
Equating now, up to a sign, the coupling constants, κ = ±κ′, results in the canceling of the 1/r2 terms on the rhs of
Eq. (A3), keeping the centrifugal term ℓ2/r2 as in Newtonian mechanics and leading to the equation(
1
r2
dr
dθ
)2
+
(
1
r
+
κE
ℓ2
)2
=
(
E2 −m2) ℓ2 + E2κ2
ℓ4
(A4)
with the solution
1
r
+
κE
ℓ2
=
√
(E2 −m2) ℓ2 + E2κ2
ℓ2
cos θ (A5)
The solution is a fixed, non-rotating, conical curve, as for the non-relativistic Coulomb case.
The similarity in form of the solutions implies similarity of the LRL vectors, which is in the present case
~K ≡ ~ℓ× ~p− κE
r
~r (A6)
It is a constant vector with magnitude ∣∣∣ ~K∣∣∣2 = (E2 −m2) ℓ2 + E2κ2 , (A7)
directed along the major axis of the conic section. It would be interesting to study the quantization of this vector,
because, unlike the non-relativistic case, here it depends on energy eigenvalues, both positive and negative.
Evidently, if κ 6= ±κ′ then the extra 1/r2 term on the rhs of Eq. (A3) would modify the centrifugal term and lead to
a rotating conic section with the corresponding complicated LRL vector, as in the relativistic Kepler-Coulomb system
with fixed centre13,22,30, or the Newtonian Kepler-Coulomb system modified with 1/r2 potential34.
Appendix B: Proof of the uniqueness of the solution Eq. (71)
In the following we prove that Eq. (70) is necessary for an internal non-trivial solution Rµ2 . In an N -body system,
let 1 ≤ m ≤ N . Then, by means of the CM-constraint (66), qµm is eliminated from the sum
∑
a γ
−1
a q
µ
a in Eq. (69) to
yield ∑
a
γ−1a q
µ
a =
∑
a 6=m
(
γ−1a − γ−1m
)
qµa (B1)
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Since all the N−1 remaining qµa ’s are dynamically independent, and since the sum
∑
a γ
−1
a q
µ
a must lead to an internal
integral, then, taking into account the identity γ−1a = −ua · x˙a, it follows that for each of the coefficients in Eq. (B1)
there must be a vector G
(m)µ
a , independent of the particles’ coordinates and depending only on the particles’ unit
velocities uµa , so that γ
−1
a − γ−1m = G(m)a · (x˙a − x˙m).
The use of the particular index m in the resultant sum∑
a
γ−1a q
µ
a =
∑
a 6=m
G(m)a · (x˙a − x˙m) qµa (B2)
is of course arbitrary, and another index 1 ≤ n ≤ N,n 6= m could be used instead with the sum∑
a
γ−1a q
µ
a =
∑
a 6=n
G(n)a · (x˙a − x˙m) qµa (B3)
Eliminating qµm from the sum in Eq. (B3), the latter becomes after some algebra∑
a
γ−1a q
µ
a=
∑
a 6=n,m
[
G(n)a · x˙a −G(n)m · x˙m +
(
G(n)m −G(n)a
)
· x˙n
]
qµa +
+G(n)m · (x˙n − x˙m) qµn (B4)
The sums in Eqs. (B2) and (B4), must be identical, but their identity can be realized iff all the vectors G
(m)µ
a
are identical, G
(m)µ
a = Gµ ∀m, a. This completes the proof of the uniqueness of the form (71) for the non-trivial
solution.
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